Abstract: We present the results of a theoretical study providing details of propagation of laser radiation within disperse randomly inhomogeneous intermediately single-to-multiple scattering media. A quantitative analysis of scattering orders in the transition from single to multiple scattering is presented. Crossed source-detector fiber optics geometry used to separate the intensity of single scattering from higher scattering orders. The results demonstrate good agreement between analytical and Monte Carlo techniques. This validates the use of the Monte Carlo approach in the intermediate single-to-multiple scattering regime. The method used can be applied to verify analytical results against experiment via the Monte Carlo calculations that include imperfections of the experiment.
The scattering of laser radiation by disperse randomly inhomogeneous scattering media is important in many applications including optical diagnostics in meteorology, powder industries, sprays for combustors, firefighting, drug and agrochemical delivery, and biomedicine. An appropriate single or multiple (diffusing) scattering approximation predicts the propagation of optical radiation in these applications. In single scattering approximation all scattering orders, except the first one describing single scattering, are neglected or/and considered as a perturbation to the single scattering term. In multiple scattering it is assumed that all the terms of series of scattering orders have same order of magnitude, and the diffusion approximation can be applied. Greater complications arise for the intermediate single-to-multiple scattering regime, where the average number of scattering events is too high for single scattering to be assumed, but too low for the diffusion approximation to be applied. This situation is typical, for example, for industrial sprays when making measurements near the nozzle or when the path length of the light in spray medium is long (e.g. in case of high flow mixing systems such as fuel atomizers for large combustors). Accordingly, development of a method operating in the intermediate single-to-multiple regime is strongly required. In this regime both single and higher scattering orders (double, triple, quadruple, etc.) and their contribution to the total intensity should be considered.
In this relation an analysis of different scattering orders in the intermediate scattering regime has been carried out for a randomly inhomogeneous scattering medium with crossed source-detector geometry (Fig. 1) . The narrow aperture laser source S illuminates the medium and similar narrow aperture detector D collects diffusely reflected radiation. Detected radiation is localized within the medium in cylindrical volumes V 1 and V 2 . Due to presence of intermediate integration over the scattering volume analytical expressions for the high scattering orders are complex and involve multi-order integration. However, the Monte Carlo (MC) technique allows us to develop an iterative procedure to determine the contributions of the scattering orders to the total intensity separately, thus, completing the task of experimental data processing. The MC algorithm designed for the experimental geometry described in Fig. 1 consists of following steps. Incident radiation is considered normal to the surface of a scattering cube of 50 mm, defined in a 3D coordinate system. The parameters of the cylinders are L = L 1 = L 2 = 50 mm. For simplicity the medium is assumed nonabsorbing (µ a = 0), and homogeneous. Scattering coefficient µ s is equal to 0.04 mm −1 and corresponds to an average propagation distance of l equaled to 25 mm (i.e. single scattering is dominant). The source S is defined by a flat laser beam of 1 mm diameter, which enters through the middle of the XY face of the sampling cube. The detector D is characterized by an aperture of 1 mm diameter located on the top of the cube and positioned at different distances h from the central axis of the sampling cube. The path-length of a photon packet between two scattering events is given by l i = − ln ξ 1 /µ t , where µ t = µ s + µ a [1] . After scattering the new direction is specified by the polar and azimuth angles, i.e. by θ s and ϕ, respectively. In this study scattering restricted to isotropic scattering, and θ s is sampled from cos θ s = 2ξ 2 −1, whereas the change of the azimuth angle ϕ is obtained from ϕ = 2πξ 3 . Here ξ 1 , ξ 2 , and ξ 3 are the random numbers uniformly distributed between 0 and 1. The probability of photon packet detecting is described as:
Here, k d is the vector of normal towards the detector, dΩ d is the elementary solid angle spanning a line normal to the detector, and d is the distance between the photon scattering and detector. p (k d − k ) is the scattering phase function, constant for isotropic scattering:
The intensity of the scattering orders is obtained then by calculation of (1) for all the scattering events observed by detector (i.e. if direction from scattering center to detector fit the detecting acceptance angle θ a ). This scheme significantly reduces the computational time (by a factor of ∼ 100, compare to other MC schemes [2] [3] [4] [5] [6] ). The intensity of different scattering orders is then determined by the number of photons recorded and can be plotted as a function of h. In order to validate the MC technique we compare the results of simulation with the results of analytical calculations for double light scattering intensity, described as [7, 8] :
Here I 0 is the intensity of the incident light, r is the distance to the observation point, k 0 =ω/c, ω is the cycle frequency, c is the speed of light in vacuum, α and β are the indices of polarization of the incident and scattered light, respectively. G(k −k i ) and G(k s −k ) are the correlation functions of the permittivity fluctuations [9] , k − k i and k s − k are the wave-vectors of the incident and scattered radiation (see Fig. 1 ). The exponential multiplier describes attenuation along a path l 1 before and a path l 2 after the scattering. µ t is the extinction coefficient, describing the attenuation of light due to elastic and inelastic interactions of laser radiation within the medium:
is the polarization factor, where factors
account for the transverse nature of the scattered electromagnetic wave. Summation occurs over the indices (except over α and β) where a quantity has more than one index. Equation (2) describes the intensity of doubly scattered light reaching the detector i.e. singly scattered light entering volume V 2 and being scattered into the k s direction with a wave-vector k s − k . Note, all first order scattering events occur in the volume V 1 with a wavevector k − k i , where k is the intermediate wave-vector (see Fig. 1 ).
The results of the MC simulation (circles) agree well with the results of calculation by Eq. (4) , ( ) -fifth scattering order I (5) and (×) -tenth scattering order I (10) solid line (Fig. 2) . Similar results (dashed line, see Fig. 2 ) are obtained for a large distances approximation, i.e. when h R 1 , R 2 . In that case Eq. (2) is significantly simplified and can be written as: Here, L + z − x = l 1 + l 2 ; R 1 and R 2 are the radii of V 1 and V 2 cylinders directed along the axes Z and X, respectively. The mismatching between the exact (2) and approximate (4) formulas begins when h is close to the diameter of cylinders (see Fig. 2 ). Fig. 3 illustrates a ratio of high orders of scattering to single scattering intensity at the h =0, i.e. I (n) (0)/I 1 (0), where n = {3 − 5, 10}. This ratio monotonically increases with the increasing scattering order. When µ s = 0.14 − 0.15 mm −1 the values of I (n) /I 1 are close, and for higher µ s an inversion of scattering orders takes place (see Fig. 3 ). This interval illustrates the transition from single to multiple scattering. It is clear that contribution of high scattering orders is significant, about 15-20% of the single scattering intensity at the h = 0 (see Fig. 3 Fig. 1 ), dominates at small θ a (θ a < 20
• ), where the contribution of the other scattering orders is relatively low. The dashed line represents the total intensity of high orders calculated separately from the single scattering.
The intensity of the different scattering orders versus numerical aperture is shown in Fig.5 . It is seen that the dependence is more pronounced for single and double light scatterings (see Fig. 5 a and b) . The high scattering orders 
• (e.g. third and fifth) are independent of the detecting angle θ a (see Fig. 5 c and d ). This is explained by the fact that, the localization of mean path-length of the photon packets between source and detector is more critical for single and double scattering, and less for the high orders of scattering. The developed MC simulations allow us to develop an iterative procedure to determine the contributions of the higher scattering orders (triple, quadruple etc. scattering) to the total intensity separately, thus, completing the task of experimental data processing. Both analytical and MC calculations show a strong logarithmic dependence of double light scattering from the distance h between illuminating and collecting volumes. Dependence of higher scattering orders is weaker and can be considered constant compared to the single order. The considered geometry (Fig. 1 ) allows one to separate single scattering from high orders of scattering. It is then possible to extract information on the absolute values of the medium optical properties from the ratio of single to double scattering intensity. If the double and single light scattering intensity are of the same order of magnitude intensity then the higher order scattering, I (n) , n ≥ 3, should be taken into account.
In addition, the results support the use of the MC approach in the intermediate scattering regime (0.04 ≤ µ s ≤ 0.16 mm −1 ), and provide details of transition from low scattering to multiple scattering. The method used can be applied to verify the analytical results indirectly against experiment via MC calculations that include the imperfections of the experiment. The procedure developed can readily be generalized for a case of anisotropic scatters, spatially inhomogeneous media and dispersed systems composed of particles of a different size. We intend to apply the MC code verified here to the estimation and suppression of errors in existing spray diagnostics and the development of new spray diagnostics.
